We extend earlier work of the same author to enumerate alternating permutations avoiding the permutation pattern 2143. We use a generating tree approach to construct a recursive bijection between the set A 2n (2143) of alternating permutations of length 2n avoiding 2143 and standard Young tableaux of shape n, n, n and between the set A 2n+1 (2143) of alternating permutations of length 2n + 1 avoiding 2143 and shifted standard Young tableaux of shape n + 2, n + 1, n . We also give a number of conjectures and open questions on pattern avoidance in alternating permutations and generalizations thereof.
Introduction
In [5] , the author enumerated the set A 2n (1234) of alternating permutations with no four-term increasing subsequence by showing that it is in bijection with the set of standard Young tableaux of shape n, n, n . One of the two proofs given of this result may be understood as a demonstration that these permutations and tableaux have isomorphic generating trees, that is, that they have the same recursive structure. (The other proof used a modification of the RSK correspondence first used by Ouchterlony [6] in the context of doubly-alternating permutations.) In this paper, we show that this approach can be extended to enumerate alternating permutations avoiding the pattern 2143. In particular, we show that A 2n (2143) is in bijection with standard Young tableaux of shape n, n, n (and so also with A 2n (1234)) and that A 2n+1 (2143) is in bijection with shifted standard Young tableaux of shape n + 2, n + 1, n . We end with a large number of open problems.
In Section 2, we provide some definitions and notation that will be used throughout the paper. In Section 3, we describe a generating tree for standard Young tableaux of certain shapes and show that it obeys a simple twoparameter labeling scheme. In Section 4.1, we briefly review (without proof) one of the main results of [5] , namely that alternating permutations of even length with no four-term increasing subsequence share the same generating tree as the tableaux of Section 3. In Section 4.2, we show that alternating permutations of even length avoiding the pattern 2143 also share this generating tree. In Section 5, we show that similar methods can be used to enumerate alternating permutations of odd length avoiding the pattern 2143, and that the resulting bijection is with shifted Young tableaux of certain shapes. In Section 6 we give several conjectures and open problems relating to pattern avoidance in alternating permutations. In Section 7 we provide data that forms the basis for several of these conjectures.
Preliminaries
In this section, we provide important definitions and notation that will be used throughout the rest of the paper.
Permutations, partitions, tableaux
A permutation w of length n is a word containing each of the elements of [n] := {1, 2, . . . , n} exactly once. The set of permutations of length n is denoted S n . Given a word w = w 1 · · · w n and a permutation p = p 1 · · · p k ∈ S k , we say that w contains the pattern p if there exists a set of indices 1 ≤ i 1 < i 2 < . . . < i k ≤ n such that the subsequence w i 1 w i 2 · · · w i k of w is order-isomorphic to p, i.e., such that w i ℓ < w im if and only if p ℓ < p m . Otherwise, w avoids p. Given a pattern p and a set S of permutations, we denote by S(p) the set of elements of S that avoid p. For example, S n (123) is the set of permutations of length n avoiding the pattern 123, i.e., the set of permutations with no three-term increasing subsequence. We denote the size of a set S by |S|, so |S 3 (123)| = 5.
A permutation w = w 1 w 2 · · · w n is alternating if w 1 < w 2 > w 3 < . . .. (Note that in the terminology of [9] , these "up-down" permutations are reverse alternating while alternating permutations are "down-up" permutations. Luckily, this convention doesn't matter: any pattern result on either set can be translated into a result on the other via complementation, i.e., by considering w c such that w c i = n + 1 − w i . Then results for the pattern 123 and up-down permutations are replaced by results for 321 and down-up permutations, and so on.) We denote by A n the set of alternating permutations of length n.
A partition is a weakly decreasing, finite sequence of nonnegative integers. We consider two partitions that differ only in the number of trailing zeroes to be the same. We write partitions in sequence notation, as λ 1 , λ 2 , . . . , λ n .
Given a partition λ = λ 1 , λ 2 , . . . , λ n , the Young diagram of shape λ is the left-justified array of λ 1 + . . . + λ n boxes with λ 1 in the first row, λ 2 in the second row, and so on. We identify each partition with its Young diagram and speak of them interchangeably. If λ is a Young diagram with m boxes, a standard Young tableau of shape λ is a filling of the boxes of λ with [m] so that each element appears in exactly one box and entries increase along rows and columns. We identify boxes in Young diagrams and tableaux using matrix coordinates, so the box in the first row and second column is numbered (1, 2) . We denote by SYT(λ) the set of standard Young tableaux of shape λ.
Generating trees
Given a sequence {Σ n } n≥1 of nonempty sets with |Σ 1 | = 1, a generating tree for this sequence is a rooted, labeled tree such that the vertices at level n are the elements of Σ n and the label of each vertex determines the multiset of labels of its children. In other words, a generating tree is one particular type of recursive structure in which heredity is determined by some local data. We are particularly interested in generating trees for which the labels are (much) simpler than the objects they are labeling. In this case, we may easily describe a generating tree by giving the label L 1 of the root vertex (the element of Σ 1 ) and the succession rule L → S that gives the set S of labels of the children in terms of the label L of the parent.
Beginning with work of Chung, Graham, Hoggatt, and Kleiman [2] , generating trees have been put to good use in the study of pattern-avoiding permutations, notably in the work of West (see, e.g., [11, 12] ). The usual approach has been to consider subtrees of the tree of all permutations given by the rule that v ∈ S n+1 is a child of u ∈ S n exactly when erasing the entry n + 1 from v leaves the word u. Because we are interested here in alternating permutations and the permutation that results from erasing the largest entry of an alternating permutation typically is not alternating, this tree is unsatisfactory. However, the inverse tree, in which we arrive at the children of u by inserting arbitrary values in the last position (rather than inserting the largest value in an arbitrary position), is well-suited to the case of alternating permutations. This motivates the following definitions.
Given a permutation u ∈ S n and an element i ∈ [n + 1], there is a unique permutation v = v 1 v 2 · · · v n v n+1 ∈ S n+1 such that v n+1 = i and the word v 1 v 2 · · · v n is order-isomorphic to u. We denote this permutation by u ← i and refer to it as the extension of u by i. In other words, the operation of extending u by i replaces each entry c ≥ i in u by c + 1 and then attaches i to the end of the result. For example, 3142 ← 3 = 41523.
Given a pattern p and a permutation w ∈ S n (p), we say that c ∈ [n + 1] is active or an active value for w (with respect to p) if w → c avoids p.
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There is a natural generating tree structure on alternating permutations of even length analogous to the tree on all permutations mentioned above: given an alternating permutation u of length 2n, its children are precisely the alternating permutations v of length 2n + 2 such that the prefix of v of length 2n is order-isomorphic to u. (Of course, there is also a similar tree for alternating permutations of odd length.) Since pattern containment is transitive, the set n≥1 A 2n (p) of alternating permutations of even length avoiding the pattern p is the set of vertices of a subtree. It is these trees (for the patterns 1234 and 2143) that we will consider in Section 4.
A generating tree for tableaux
For n ≥ 1, the collection of standard Young tableaux of shape n, n, n has a simple associated generating tree: given a tableau S ∈ SYT(n, n, n), its children are precisely the tableaux T ∈ SYT(n + 1, n + 1, n + 1) such that removing the last column of T leaves a tableau that is order-isomorphic to S. Notice that the shape of the tree below S is determined entirely by the entries of the last column of S, and in particular by the entries S(1, n) and S(2, n) (since S(3, n) = 3n for all S ∈ SYT(n, n, n)). Thus, we wish to choose a labeling for our tree that captures exactly this information. Our choice (one of several reasonable options) is to assign to each S ∈ SYT(n, n, n) the label (a, b) = (3n + 1 − S(2, n), 3n + 1 − S (1, n) ). This provides a two-label generating tree for n≥1 SYT(n, n, n), whose root (the unique standard Young tableau of shape 1, 1, 1 ) has label (4 − 2, 4 − 1) = (2, 3). In Proposition 4.7 of [5] , the author established (in a more general context, and using an object called "good tableaux" rather than the equivalent generating tree we've defined here) the following result.
Proposition 3.1. The generating tree that we have just described for standard Young tableaux with all columns of length three obeys the rule
For example, the root tableau , which have labels (2, 3), (2, 4) , (2, 5) , (3, 4) and (3, 5) , respectively. We restate the proof of this result in our current language.
Proof. Choose a standard Young tableau S ∈ SYT(n, n, n) with label (a, b) and a child T ∈ SYT(n + 1, n + 1, n + 1) of S with label (x, y). We wish to show that 2 ≤ x ≤ a + 1 and x + 1 ≤ y ≤ b + 2. Expressing these conditions in terms of the entries of S and T , we must show
and
We first demonstrate that Equation 2 is valid. It follows from the relationship between S and T that S(1, n) ≤ T (1, n), and since T is a standard
Now we demonstrate that Equation 1 is valid. Since T is a standard Young tableau, we have T (2, n+1) < T (3, n+1) = 3n+3. Thus T (2, n+1) ≤ 3n + 2, which is the right half of the desired inequality. For the left half, we compute that
as desired.
We've now established that Equations 1 and 2 hold for all children T of S, and so that the labels of the children of S satisfy the claimed inequalities. Now we must show that S has exactly one child with each of these labels.
Given a parent tableau S and prescribed values T (1, n+1) and T (2, n+1) satisfying Equations 2 and 1, we construct the tableau T in the only way possible: define T (3, n + 1) = 3n + 3 and for 1 ≤ i ≤ 3 and 1 ≤ j ≤ n, set
By construction, the object T that results is of shape n + 1, n + 1, n + 1 and contains each of the elements of [3n + 3] exactly once. It is not difficult to check that Equations 1 and 2 imply that T is increasing along rows and columns and consequently that T ∈ SYT(n + 1, n + 1, n + 1), and also that T is a child of S. Thus, S has at least one child with each label satisfying the given conditions. Finally, it's clear that this T is unique.
4 Generating trees for A 2n (1234) and A 2n (2143)
Recall from Section 2.2 that for any pattern p, there is a natural generating tree for the set n A 2n (p) of p-avoiding alternating permutations of even length: given a p-avoiding alternating permutation u of length 2n, its children are precisely the p-avoiding alternating permutations v of length 2n + 2 such that the prefix of v of length 2n is order-isomorphic to u. In this section, we study this tree for the patterns p = 1234 and p = 2143.
1234
One of the main results of [5] was that even-length alternating permutations with no four-term increasing subsequence share the generating tree for Young tableaux described in Section 3. We now briefly describe this labeling.
Given a 1234-avoiding alternating permutation w, assign to it a label (a, b) where a is the smallest entry in w that is the largest entry in a twoterm increasing subsequence of w, i.e.,
and b is the number of active values for w with respect to 1234, i.e., b is the number of choices of c ∈ [2n + 1] such that w ← c is 1234-avoiding. (Equivalently, we could define b to be the smallest entry in w that the largest term in a three-term increasing subsequence, or b = 2n + 1 if w contains no three-term increasing subsequence.) This labeling has previously been used (e.g., by West [11] and Bousquet-Mélou [1] ) in the study of S n (1234).
For example, we have for the permutation w = 27583614 ∈ A 8 (1234) that {w j | ∃i < j s.t. w i < w j } = {3, 4, 5, 6, 7, 8} and that the set of active values for w is {1, 2, 3, 4}. Thus a = 3 and b = 4.
As a second example, we have for the permutation w = 68372514 ∈ A 8 (1234) that {w j | ∃i < j s.t. w i < w j } = {4, 5, 7, 8} and that w contains no three-term increasing subsequence so all of [9] is active for w. Thus a = 4 and b = 9.
The root of this tree is the permutation 12 ∈ A 2 (1234), with label (2, 3). Propositions 4.3, 4.4 and 4.6 of [5] collectively establish that if w ∈ A 2n (1234) has label (a, b) then the collection of labels of children of w is exactly the set of (x, y) such that 2 ≤ x ≤ a + 1 and x + 1 ≤ y ≤ b + 2, each pair occurring with multiplicity one.
We now turn our attention to the pattern 2143.
2143
In this section, we show that alternating permutations of even length avoiding 2143 have a generating tree isomorphic to those mentioned in preceding sections. Given a permutation w ∈ A 2n (2143), assign to it a label (a, b) where a = w 2n−1 is the next-to-last entry of w and b is the number of active values for w in [2n + 1] .
For example, the permutation w = 68143527 ∈ A 8 (2143) has active values {1, 2, 3, 8, 9} (the permutations 792546381, 791546382, 791546283, 691435278 and 681435279 avoid 2143 while the permutations 691435287, 791435286, 791436285 and 791536284 contain it). Thus a = 2 and b = 5.
As a second example, the permutation w = 35462718 ∈ A 8 (2143) has active values {1, 2, 9}. Thus a = 1 and b = 3.
We have that the root 12 ∈ A 2 (2143) has label (1, 3). We will show that under this labeling the generating tree for n A 2n (2143) obeys the rule
and we will use this result to establish an isomorphism between this generating tree and those discussed in the preceding sections. We break the proof of this result into several smaller pieces: Propositions 4.3 and 4.5 form the meat of the argument establishing the succession rule, while Propositions 4.2 and 4.4 are helpful technical lemmas. We begin with a simple observation that will be of use in the subsequent proofs.
Observation 4.1. Given a permutation w ∈ S n (2143), we have that c ∈ [n + 1] is not active for w if and only if there exists i < j < k such that w j < w i < c ≤ w k . Proof. Fix u ∈ A 2n (2143) with u 2n−1 = a, choose c ≤ a + 1 and let v = u ← c ∈ S 2n+1 . We wish to show that v avoids 2143, so suppose otherwise. Then there exist i < j < k < 2n + 1 such that v i v j v k c is an instance of 2143 in v. We use this (suppositional) instance to construct an instance of 2143 in u; this contradiction establishes that c is active for u. In particular, we show that u i u j u 2n−2 u 2n−1 is an instance of 2143 in u by showing that v i v j v 2n−2 v 2n−1 is an instance of 2143 in v. In order to do this, it suffices to show that j < 2n − 2 (so that v i v j v 2n−2 v 2n−1 is a subsequence of v) and that v i < v 2n−1 (so that this subsequence is order-isomorphic to 2143).
Since
Proof. Suppose that permutations u ∈ A 2n and w ∈ A 2n+2 have the property that the first 2n entries of w are order-isomorphic to u, and set a = u 2n−1 . If w 2n+1 > a + 1 then also w 2n > a + 1 and w 2n+2 > a + 1, while w 2n−1 = a. Thus w −1 (a + 1) ∈ {2n − 1, 2n, 2n + 1, 2n + 2} and so defining i = w −1 (a + 1) we have i < 2n − 1. Then w i w 2n−1 w 2n w 2n+1 is an instance of 2143 in w. Taking the contrapositive, if w avoids 2143 then w 2n+1 ≤ a + 1. Now fix u ∈ A 2n (2143) with label (a, b) and a child w ∈ A 2n+2 (2143) of u with label (x, y); the preceding argument shows that x ≤ a + 1. Clearly x ≥ 1, so we have proved the first half of our assertion. We now proceed to bound y, the number of active values of w.
Define a one-to-one function f :
. We show that f is a map from nonactive values of u to nonactive values of w. To this end, choose any c ∈ [2n] that is not active for u, and choose i < j < k such that u j < u i < c ≤ u k . We have (w i , w j , w k , f (c)) = (f (u i ), f (u j ), f (u k ), f (c)). One can easily see that f preserves order, so w j < w i < f (c) ≤ w k and thus f (c) is not active for w. Thus for each of the 2n − b choices of a nonactive value c for u we have a corresponding nonactive value f (c) for w and so w has at most (2n + Proof. Choose u ∈ A 2n (1234) with label (a, b) and choose x ≤ a + 1. Let s 1 < . . . < s b be the active values for u and let v = u ← x. Since v 2n+1 = x ≤ a + 1 ≤ v 2n−1 + 1 and v 2n−1 < v 2n , we have v 2n+1 ≤ v 2n and thus actually v 2n+1 < v 2n . Thus v is alternating. Also, by Proposition 4.2, x is an active value for u and so v avoids 2143. This proves the first part of our claim, and we now must show that the set of active values for v is {1, 2, . . . , x, s x + 1, s x+1 + 1, . . . , s b + 1}. We first show that each of these values is in fact an active value for v. Case 1. Fix m ≥ x so that s m ≥ x is an active value for u. We wish to show that s m + 1 is an active value for v. Let w = w 1 · · · w 2n+2 be the result of extending v by s m + 1, and suppose for sake of contradiction that w contains an instance w i w j w k w ℓ of 2143. Since v avoids 2143, we must have ℓ = 2n + 2, so w ℓ = w 2n+2 = s m + 1. As w 2n+2 = s m + 1 > x = v 2n+1 , extending v by s m + 1 does not change the value of the (2n + 1)th entry and thus w 2n+1 = v 2n+1 = x, whence w 2n+2 > w 2n+1 . Since w k > w 2n+2 , we have k = 2n + 1 and so w 2n+1 is not part of our instance of 2143. Let v ′ be the permutation order-isomorphic to w 1 w 2 · · · w 2n w 2n+2 . Thus v
is an instance of 2143 in v ′ . However, we also have that v ′ = u ← s m and that s m is active for u. This is a contradiction, so w cannot contain an instance of 2143, and we conclude that s m + 1 is an active value for v by definition.
Case 2. Fix c ≤ x so that c = s c is an active value for u. We wish to show that c is an active value for v. Let w = w 1 · · · w 2n+1 w 2n+2 be the result of extending v by c, and suppose for sake of contradiction that w contains an instance w i w j w k w ℓ of 2143. If {k, ℓ} = {2n+1, 2n+2} then we can conclude by an argument nearly identical to the previous case, so assume that k = 2n + 1 and ℓ = 2n + 2. Since w i < w k = w 2n+1 and w j < w k = w 2n+1 but w 2n > w 2n+1 , 2n ∈ {i, j} and so w i w j w 2n w 2n+2 is another instance of 2143 in w. But now we have an instance not including w 2n+1 and so we may proceed as in the previous case. We conclude that c is an active value for v.
Finally, we show that these values are the only active values for v. In particular, we must show that for every c > x that is not active for u, c + 1 is not active for v. Fix such a c. Since c is not active for u, there exist Proof. Choose a permutation u ∈ A 2n (2143) with label (a, b) and choose (x, y) such that 1 ≤ x ≤ a + 1 and x + 2 ≤ y ≤ b + 2. We will construct a child of u with label (x, y).
Let s 1 < . . . < s b be the active values for u. Define v = v 1 v 2 · · · v 2n v 2n+1 and w = w 1 w 2 · · · w 2n w 2n+1 w 2n+2 by v = u ← x and w = v ← (s b+2+x−y + 1). We claim that w is the desired permutation. We must show that w belongs to A 2n+2 (2143) and that its label really is (x, y).
It follows from Proposition 4.4 that v ∈ A 2n+1 (2143). Because y ≤ b + 2, we have b + 2 + x − y ≥ x and so s b+2+x−y + 1 > s x = x = v 2n+1 . Thus w is alternating. We also have from Proposition 4.4 that s b+2+x−y + 1 is an active value for v, so w ∈ A 2n+2 (2143). We have left to show that w has label (x, y).
Since w 2n+2 > v 2n+1 , extending v by w 2n+2 leaves the value of the entry in the (2n + 1)th position unchanged and so w 2n+1 = v 2n+1 = x. It remains to show that w has exactly y active values. We claim that the active values for w are precisely 1 < 2 < . . . < x+1 < s b+2+x−y +2 < s b+3+x−y +2 < . . . < s b +2. By Proposition 4.2, we already know that 1, 2, . . . , x + 1 are active for w. For any fixed c > s b+2+x−y + 2 that is not of the form s i + 2, we wish to show that w ← c contains 2143. We proceed by the same arguments that follow Case 2 of the proof of Proposition 4.4: if v i v j v k are entries of v that can be used to form a 2143 pattern when v is extended by c − 1 then w i w j w k can be used to form a 2143 pattern when w is extended by c.
Finally, for any fixed c such that x + 1 < c < s b+2+x−y + 2, let z = w ← c. We wish to show that z contains 2143. We have that z 2n+1 = x, z 2n+2 = s b+2+x−y + 2 > c, and z 2n+3 = c > x + 1, and we know that there exists i < 2n + 1 such that z i = x + 1. Then z i z 2n+1 z 2n+2 z 2n+3 = (x + 1)x(s b+2+x−y + 2)c is an instance of 2143 in z, so c is not active for w.
The preceding four paragraphs account for all elements [2n + 3]. We've shown that exactly (x + 1) + (y − x − 1) = y of these values are active for w. Putting everything together, we have that w ∈ A 2n+2 (2143) is a child of u with y active values and w 2n+1 = x, i.e., w has label (x, y). In fact, it follows from our proof that every child of u has a distinct label: we've exhausted the possible pairs of values for w 2n+1 , w 2n+2 such that w ∈ A 2n+2 (2143) is a child of u. Theorem 4.6. For all n ≥ 1 we have
Proof. Proposition 3.1 shows that the generating tree for n≥1 SYT(n, n, n) has root (2, 3) and rule These two trees are isomorphic: replacing each label (a, b) in the first tree with (a − 1, b) results in the second tree. Thus, there is a recursive bijection between A 2n (2143) and SYT(n, n, n), and we have the first claimed equality. The work in [5] summarized in Section 4.1 gives the second equality. Finally, applying the hook-length formula (see, e.g., [10, Chapter 7 .21]) gives the third equality.
5 Generating tree for A 2n+1 (2143)
Turning out attention to alternating permutations of odd length, we find that the generating trees of A 2n+1 (1234) and A 2n+1 (2143) are not isomorphic. Indeed, the two sequences enumerate differently: all sixteen alternating permutations of length five avoid 1234, but only twelve of them avoid 2143. Although this initially seems disappointing, it turns out that we can still use the methods of the preceding section to enumerate 2143-avoiding alternating permutations of odd length. As in [5] , it is convenient to consider the set A 3) and (1, 4) , respectively, and so on. We seek to enumerate A ′ 2n+1 (2143) by aping our approach for even-length permutations, i.e., by finding a family of objects with isomorphic generating tree that we already know how to enumerate. In the case at hand, these objects turn out to be shifted standard Young tableaux (henceforward SHSYT) of shape n + 2, n + 1, n . (See [4] or [3, Chapter 10] for definitions, etc.)
Given a SHSYT T of shape n + 2, n + 1, n , assign to it the label (a, b), where a = 3n + 4 − T (n + 2, 2) and b = 3n + 4 − T (n + 2, 1). (Note that for n ≥ 1, we have T (n + 2, 3) = 3n + 3 for every SHSYT of this shape, so this label captures all the information we need to reconstruct the last column of T .) Then the root of the tree is the unique SHSYT 1 2 3 of shape 2, 1 , which has label (1, 2). Its children are the two SHSYT of shape 3, 2, 1 , which have labels (2, 3) and (2, 4), respectively. In subsequent layers of the tree, the succession rule is identical to the rule for rectangular tableaux; indeed, the subtree below an SHSYT of shape n+2, n+1, n depends only on its last column (or equivalently, on its associated label), and so might as well be the subtree of an SYT of shape (n + 1) 3 with the same label.
It follows immediately that |A ′ 2n+1 (2143)| (and so also |A 2n+1 (2143)|) is the number of SHSYT of shape n + 2, n + 1, n . As in the case of standard Young tableaux, there is a simple hook-length formula for SHSYT (see e.g. [4] or [3, pp. 187-190] ). In our case, it gives the following result. .
Open problems
In this section we pose a number of open enumerative problems related to pattern avoidance in alternating permutations.
Other equivalences for patterns of length 4
If permutations p and q satisfy |A 2n (p)| = |A 2n (q)| for all n ≥ 1, we say that p and q are equivalent for even-length alternating permutations. Note that if
e., p and q are reverse-complements) then p and q are equivalent for even-length alternating permutations: for every n, the operation of reverse-complementation is a bijection between A 2n (p) and A 2n (q). Pairs of patterns that are equivalent for this reason are said to be trivially equivalent. Similarly, if |A 2n+1 (p)| = |A 2n+1 (q)| for all n ≥ 0, we say that p and q are equivalent for odd-length alternating permutations, and if p is the reverse of q then we say they are trivially equivalent. Numerical data (see Section 7) suggest the following conjecture.
Conjecture 6.1. We have |A 2n (p)| = |A 2n (1234)| (= |A 2n (2143)|) for all n ≥ 1 and every p ∈ {1243, 2134, 1432, 3214, 2341, 4123, 3421, 4312}.
Observe that these eight patterns come in four pairs of trivially equivalent patterns. The results of West [11] and computer investigations of short permutations suggest that some of these equivalences may be susceptible to a generating-tree attack. In particular, the generating trees for alternating permutations avoiding 1243 or 2134 may be isomorphic to the generating tree discussed in Sections 3 and 4.
For alternating permutations of even length, the only other possible equivalences not ruled out by numerical data are captured by the following conjecture. In both cases, the second of the two equalities is a trivial equivalence. For odd-length alternating permutations, computational data suggest the following conjectures. Conjecture 6.3. We have |A 2n+1 (p)| = |A 2n+1 (1234)| for all n ≥ 0 and every p ∈ {2134, 4312, 3214, 4123}.
We also have the trivial equivalence |A 2n+1 (1234)| = |A 2n+1 (4321)|. The equivalence between 4321 and 4312 may be amenable to generating tree methods.
Conjecture 6.4. We have |A 2n+1 (p)| = |A 2n+1 (2143)| for all n ≥ 0 and every p ∈ {1243, 3421, 1432, 2341}.
We also have the trivial equivalence |A 2n+1 (2143)| = |A 2n+1 (3412)|. The equivalence between 3412 and 3421 may be amenable to generating tree methods.
The only other possible equivalence for odd-length alternating permutations not ruled out by data is captured by the following conjecture. Other than the cases covered by Conjectures 6.1, 6.3 and 6.4, none of the sequences {|A 2n (p)|} n or {|A 2n+1 (p)|} n for p ∈ S 4 are recognizable to the present author (and in particular they do not appear in the OEIS [7] ). Numerical data (see Section 7) rule out simple product formulas similar to those of Theorem 4.6 and Proposition 5.1. However, in some cases it may be possible to give a generating tree and so perhaps to adapt the method of [1] to find generating functions or even closed formulas.
Other problems
The conjectures of the preceding section concern two equivalence relations on patterns of length four: equivalence for even-length alternating permutations and equivalence for odd-length alternating permutations. It happens that these relations are both refinements of the usual (Wilf-)equivalence relation for all permutations (see, for example, [8] ). (Note that this is true on account of numerical data, regardless of the truth of any of the preceding conjectures.) This suggests the following conjecture. Conjecture 6.6. If permutations p and q are equivalent for alternating permutations of either parity then p and q are Wilf-equivalent for all permutations.
More broadly, we can ask the following question. Question 6.7. Are there any large families of patterns that can be shown to be equivalent for alternating permutations (of either parity)?
The work in [5] suggests two possible generalizations of alternating permutations for purposes of pattern avoidance. One of these (denoted L n,k in [5] ; it consists of the reading words of standard Young tableaux of the "thickened staircase" shape n + k − 1, n + k − 2, . . . , k + 1, k / n − 1, n − 2, . . . , 1 ) does not seem to give rise to nontrivial equivalences. However, an alternative (and perhaps more natural) generalization is the set Des n,k of permutations of length n with descent set {k, 2k, . . .}. Question 6.8. Is Des n,k a "good" context to study pattern avoidance? In particular, are there any pairs or families of patterns that can be shown to be Wilf-equivalent for these permutations? Is Conjecture 6.6 valid in this context?
In analogy with the case of alternating permutations, it is natural to consider separate cases depending on the congruence class of n modulo k. Finally, we note that it may also be fruitful to consider permutations whose descent set is contained in (rather than "is equal to") {k, 2k, . . .}, a case on which our work here does not touch.
Appendix
The tables of data that follow form the basis for several of the conjectures in the preceding section. They were generated by brute-force computer enumeration. Tables 1 and 2 give the number of alternating permutations avoiding patterns of length four, grouped by conjectural equivalence. Tables 3 and 4 give the number of alternating permutations avoiding certain patterns of length five. Only those patterns that might potentially have nontrivial equivalences are included, and they are grouped by these potential equivalences. Table 4 : Selected values of A n (p) for even n and p ∈ S 5 . Parentheses indicate trivial equivalences. All possible nontrivial equivalences are among the permutations in this table. Table 5 gives the number of permutations of length 3n with descent set {3, 6, . . .} that avoid certain patterns of length four and five. Only those patterns that might potentially have nontrivial equivalences are included. Table 5 : Selected values of Des n,3 (p) for n divisible by 3 and p ∈ S 4 or S 5 . Parentheses indicate trivial equivalences. All possible nontrivial equivalences are among the permutations in this table.
